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ABSTRACT 

Diffusion equation is used to evaluate the beam loss in the presence of 

aperture limitation resulting from the intrabeam scattering. 

fect of different boundary conditions. 

maintained within the proposed RHIC operation time. 

We discuss the ef- 

Satisfactory beam intensity can be 

.I 
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I. In t roduc t ion  

lntrabeam s c a t t e r i n g  (IBS) 1 has become one of t h e  important 

heavy ion c o l l i d e r  design study. Detai led c a l c u l a t i o n  of t h e  e m  

t op ic s  i n  t h e  

t t a n c e  EN, mo- 

mentum spread a~ and bunch length a~ blow up due t o  IBS has been performed by 

G. Parzen.2 

DE vs. t*. 

c a l  random di ' f fusion process.  I n  f a c t ,  t he  s i t u a t i o n  i s  no t  very simple. F i r s t ,  

t h e  E i n s t e i n  r e l a t i o n  of  Brownian motion is  not  s a t i s f i e d  a t  a l l .  However Fig.  1 

shows t h a t  w i th in  t h i s  l imi t ed  r eg ion  of t i m e  scale, t he  E i n s t e i n  r e l a t i o n  i s  

no t  a very bad approximation a f t e r  a l l .  

Fig. 1 summarizes these  r e s u l t s ,  where we  have p l o t t e d  OE, EN and 

It is  tempting t o  argue t h a t  DE, E 
1 

and 01 s a t i s f i e s  c e r t a i n  s t a t i s t i -  N 

With the  d i f f u s i o n  equat ion i n  mind, we  would l i k e  t o  a sk  t h e  ques t ion  of 

beam s u r v i v a l  ra te  i n  these  d i f f u s i o n  processes.  Sect ion 2 reviews b r i e f l y  t h e  

Fokker-Planck equat ion and Sect ion 3 d i scusses  the  t ransversed and long i tud ina l  

l o s s e s  and t h e  Conclusion i s  given i n  Sect ion 4 .  

2 .  . Fokker-Planck d i f f u s i o n  equat ion 

For Markovian Processes ,  t he  d i s t r i b u t i o n  func t ion  p ( y , t )  s a t i s f i e s  t h e  

Fokker-Planck e q ~ a t i o n . ~  

where 

= Em [<Ay>/At] 
A1 A t %  

(2) 

Higher order  con t r ibu t ions  i n  eq. (1) are neglected.  For dynamical system where 

a Hamiltonian governs the  motion of dynamical v a r i a b l e s Y 4  one has 
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i a  
= F a y  A2 

With t h i s  r e l a t i o n ,  eq. (1) becomes 

A ap a 2 ap 
a t  ay 2 ay (--I . -. = - 

A s p e c i a l  i n t e r e s t i n g  s i t u a t i o n  i s  A1 = <Ay>/At = cons tan t  = D,  then 

A2 = 2D(t) y 

Eq. (5) then becomes 

a a  - =  D - y - - P  
a t  a , %  

The fundamental s o l u t i o n  of eq. ( 7 )  i s  
\ 

( 4 )  

( 5 )  

(7 )  

. On the o the r  hand, another  i n t e r e s t i n g  s i t u a t i o n  is  t h a t  A1 = 0. W e  have 

then A2 = <(AyI2>/At = D(t) .  The fundamental s o l u t i o n  i n  t h i s  case i s  

3 .  Applications 

3.1. Transverse phase space 

The Fokker-Planck equat ion  fo r  t h e  t r ansve r se  phase space i s  given 
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where E i s  the  emittance of the  beam and 

L e t  us de f ine  new v a r i a b l e  T and y as 

y = EIE, 

The d i f f u s i o n  equat ion becomes then 

Besides the fundamental s o l u t i o n  of equat ion ( 8 ) ,  there '  are a l t e r n a t i v e  solu- 

t i o n s  t o  equat ion (10). 

cond i t ion  

Teng,5 MacLachlan' and Ruggiero7 used t h e  sink boundary 

p ( y = l , d  = 0 

and i n i t i a l  cond i t ion  

where Po(y) i s  t h e  i n i t i a l  d i s t r i b u t i o n .  

The s o l u t i o n  i s  given by 

XTl 2 

where Jo and J1 are Bessel funct ions and An's are given by 



5 

Due t o  the  ape r tu re  l i m i t a t i o n ,  t he  number of p a r t i c l e s  confined i s  given by 

(13) 

Table 1 summarizes the  r e s u l t  ca l cu la t ed  with boundary condi t ions  ( l l a )  and 

( l l b ) .  While the  l o s s  r a t e  ca l cu la t ed  from the  fundamental s o l u t i o n  i n  eq. (8)  

is a l s o  shown f o r  comparison. 

s o l u t i o n  of eq.  (8) i s  a Gaussian d i s t r i b u t i o n  of the phase space v a r i a b l e s  x 

and x'. The l o s s  r a t e  shown on the  l a s t  row of Table 1 i s  the re fo re  determined 

by the  a v a i l a b l e  phase space,  6 0  / 0  . 

With the  Courant-Snyder i n v a r i a n t ,  the  fundamental 

a x  

Since the  ape r tu re  a c t s  only a s  a beam sc rape r ,  which gives  no 

dynamical a c t i o n  t o  the  d i f f u s i o n  process ,  I be l ieve  t h a t  eq. ( l l a )  i s  incor- 

r e c t .  

inappropr ia te ,  because the hea t  l o s s  is  propor t iona l  t o  t he  temperature grad i -  

en t .  In the  present  s i t u a t i o n ,  the d i f f u s i o n  process comes from the  i n t e r a c t i o n  

between beam p a r t i c l e s  alone. 

The s i m i l a r i t y  between the  d i f f u s i o n  process here  and hea t  conduction i s  
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Table 1 

Y 5 (.65hr) 7 (2hr) 12* 30* loo* 
*. 

6 0.93 1.15 1.56 1.98 1.10 

10IT 1 O l r  1olr 10IT 1 OIT 
N 

E. 

N 
f 37.2IT 52. In 44IT 33.21~ 27.81~ 

1 

E: 

(k26mm good field) Ea 6 ~ 9 . 4 2 7 ~  6x8.79T 6x7.68T 6 ~ 6 . 6 2 1 ~  6 ~ 8 . 9 3 1 ~  

+ Analysis with boundary conditions in eqs. ( l l a )  and ( l l b )  

T .096 .114 .061 .019 .0033 

<1 <1 <1 <1 0 loss  rate(%) 

Analysis with the fundamental solution of eq. (8 ) .  

7.60 7.09 12.6 36 19.3 

760 / c T  2.76 2.66 3.5 6 .  14. a x  

loss rate(%) 2.2 2.9 . .2  0 0 
~~ ~~~ 

6 is the rms momentum spread 

E is the admittance space available for betatron oscillation a 

EN EN i’ f are the normalized initial and final emittances respectively 

&cT /a is the ratio of aperture to the beam rms transverse physical 
size a x  

* 10 hr operation time is assumed 

+ see ref. 7 for details. 
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3.2. Diffusion i n  t h e  l o n g i t u d i n a l  phase space 

L e t  us d e f i n e  the  momentum spread as 

The Fokker-Planck equat ion becomes 

where 

i s  assumed t o  be a func t ion  of t i m e  only.  

Defining Z and T as 

L e t  Aa be t h e  a p e r t u r e  l i m i t .  

s 
A 2 3 -  
a 

w e  o b t a i n  t h e  following Fokker-Planck equat ion 

(16) 

(17) 

Using the  s imi l a r  condi t ion as t h a t  of eqs.  ( l l a )  and ( l l b ) ,  we ob- 

t a i n  t h e  s o l u t i o n  
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with 

8 

-_ 
for a delta function initial distribution. 

Table 2 summarizes the loss rate calculated from eq. (19) and that 

calculated from the fundamental Gaussian distribution of eq. ( 9 ) .  We found that 

the loss rate obtained in these two analysis are about the same. However in re- 

ality they are very different. 

of parameter T in equation (17) for these two cases. Curve (A) obtained from 

the boundary conditions (lla) and (llb), while (B) is equal to erf(l/Z&) 

F i g .  2 shows the survival number as a function 

obtained from the fundamental solution of eq. (9). 

tions (lla) and (llb) are inappropriate in this case too. 

We feel that boundary condi- 

I 
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Table 2 

Y 5 7 12 

A = (Ap/p)bucket 2.28 2.72 3.82 a 

6( t = O )  .818 .751 .678 

.93 1.14 1.563 6, - - 6 ( t = t F )  

Analysis with boundary condi t ions ( l l a )  and ( l l b )  

T 
0 

.064 .038 ,016 

.083 .088 .084 t T 

loss(%) 4 5 4 

Analysis with t h e  fundamental s o l u t i o n  of eq. ( 9 ) .  

'a 1% 2.45 2.39 2.44 

l o s s  ( X I  3 3 3 

30 

9.95 

1.261 

1.985 

.008 

.024 

0 

5.01 

0 

100 

2.68 
*. 

.359 

1.099 

.009 

.085 

4 

2.44 

3 

4.  Conclusion 

In conclusion, we have appl ied t h e  Fokker-Planck d i f f u s i o n  equat ion t o  es t i -  

mate the  beam l o s s  due t o  the  intrabeam s c a t t e r i n g .  Due t o  many p a r t i c l e  

dynamics, d i f f u s i o n  equat ion should be appropr i a t e  i n  desc r ib ing  t h i s  random pro- 

cess .  W e  d i scuss  however the  imp l i ca t ion  of boundary cond i t ions  on the  beam 

loss. We argue t o  p r e f e r  one s p e c i a l  model t o  the o the r .  The e f f e c t  of t h e  

intrabeam s c a t t e r i n g  process  i s  found t o  c o n t r i b u t e  only about 5% of t o t a l  l o s s  

of beam as a whole. 

t i v e l y  f o r  t r a n s v e r s e  and long i tud ina l  phases. 

Details are however summarized i n  Tables 1 and 2 respec- 
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Fig. 1 Bunch length, energy spread and- the normalized emittance of the beam par- 
ticles are plotted as a function of storage time (see ref. 2 1  
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Fig. 2 The particle survival ratio is plotted as a function of 7: parameter 
defined in eq. 17. for longitudinal phase space. 


